The distribution of intertrade durations, defined as the waiting times between two consecutive transactions, is investigated based upon the limit order book data of 23 liquid Chinese stocks listed on the Shenzhen Stock Exchange in the whole year 2003. A scaling pattern is observed in the distributions of intertrade durations, where the empirical density functions of the normalized intertrade durations of all 23 stocks collapse onto a single curve. The scaling pattern is also observed in the intertrade duration distributions for filled and partially filled trades and in the conditional distributions. The ensemble distributions for all stocks are modeled by the Weibull and the Tsallis q-exponential distributions. Maximum likelihood estimation shows that the Weibull distribution outperforms the q-exponential for not-too-large intertrade durations which account for more than 98.5% of the data. Alternatively, nonlinear least-squares estimation selects the q-exponential as a better model, in which the optimization is conducted on the distance between empirical and theoretical values of the logarithmic probability densities. The distribution of intertrade durations is Weibull followed by a power-law tail with an asymptotic tail exponent close to 3.
Introduction
Intertrade duration is the waiting time between consecutive transactions of an equity, which contains information contents of trading activity and has crucial relevance to the microstructure theory [1, 2, 3] . The intertrade duration is a measure of trade intensity, which is associated with price adjustments. Short intertrade durations lead to large price change and long intertrade durations minimize the price impact in a transaction [4] . The order placement process in stock market can be treated as a point process. Based on estimating event intensity of the marked point process, an autoregressive conditional duration (ACD) model is proposed by Engle and Russell for modeling trade duration with temporal correlation and other financial variables [5, 6] . In this framework, the intertrade duration τ is modeled as follows τ = ψǫ ,
where ψ is the expected value of τ and ǫ is an independent and identically distributed variable, known as the normalized duration. There are variants of the ACD model, such as the fractional integrated ACD model [4] , the logarithmic ACD model [7] , the threshold autoregressive conditional duration (TACD) model [8] , the stochastic conditional duration (SCD) model [9] , and the stochastic volatility duration (SVD) model [10] . In the model specification, there are different assumptions for the distribution of normalized duration, such as exponential, Weibull, generalized Gamma, Burr [11] . We note that the Burr XII distribution is a general form of the Tsallis q-exponential distribution [12, 13, 14] .
Alternatively, in the econophysics community, the continuous-time random walk (CTRW) formulism has been adopted to deal with the intertrade durations and price dynamics [15, 16, 17, 18, 19] . By analogy with diffusion, the variations of log prices (or zero-mean returns) and the associated time intervals are considered as jump steps and waiting times between consecutive steps in CTRW processes. According to the CTRW formulism, the probability density function p(X, t) can be expressed as follows, p(X, t) = δ(X)C(t)
where X represents the log prices or zero-mean returns, C(t) is the complementary cumulative function (or survival probability function), and f (t) is the probability density function. As shown in Eq. (2), finding C(t) is a key step for obtaining the expression of p(X, t). By assuming that jump steps and waiting times are uncorrelated, the complementary cumulative distribution can be theoretically approximated by the Mattag-Leffler function [15, 16] ,
Note that Eq. (3) has already been verified in some empirical studies, such as the waiting time distribution of BUND futures traded on the LIFFE [16] and 10 stocks traded in the Irish stock market [20] . If β = 1 in Eq. (3), the Mattag-Leffler function reduces to a simple exponential function. If 0 < β < 1, it bridges a stretched exponential and a power law [21] 
Empirical analysis of waiting times for different financial data unveils that the probability distribution can also be described by power laws [20, 22] , modified power laws [17, 19] , stretched exponentials (or Weibulls) [21, 23, 24, 25] , stretched exponentials followed by power laws [26, 27] , to list a few. In a recent paper, by rejecting the hypothesis that the waiting time distributions are described by an exponential [28, 29] or a power law [30] , Politi and Scalas reported that both Weibull distribution and q-exponential distribution can be utilized to approximate the intertrade duration distribution [30] . In their empirical investigation, Politi and Scalas found that the q-exponential compares well to the Weibull. They also argued that the distribution differing from an exponential is the consequence of the varying transaction activities during the trading period [28, 29, 30, 31, 32] . All this empirical evidence shows that the transaction dynamics can not be modeled by the Poisson process, rejecting the exponential distribution of intertrade durations.
An interesting feature can be observed in the empirical results of Politi and Scalas [30] . They have investigated the Trade and Quotes data set of 30 stocks, constituents of the DJIA index, traded on the NYSE in October 1999. The estimated parameters of the Weibull and q-exponential seem close across different stocks. This observation suggests the possible presence of scaling in the intertrade duration distributions of different stocks. Such common scaling pattern was reported for the 30 DJIA stocks over a period of four years from January 1993 till December 1996 [24] . The scaling behavior underpins common underlying dynamics between different stocks and has important implications for stock modeling. In contrast, Eisler and Kertész analyzed about 4000 stocks and found that the scaling was not convincing [33] . Specifically, they divided the stocks into two groups based on the average intertrade duration of individual stocks and performed an extended self-similarity (ESS) analysis for each group of data, which resulted in a nonlinear ESS exponent function with respect to the order. This conclusion seems quite sound since a marked discrepancy between the tails can be observed in both studies [24, 33] . In this work, we shall show that such scaling in intertrade duration distributions holds for Chinese stocks and the functional form of the distribution can also be modeled by the Weibull, as reported in the DJIA stocks [24] . No obvious discrepancy between the duration distributions is observed in the Chinese stocks, in contrast to the USA stocks.
This paper is organized as follows. In Section 2, we briefly describe the data sets analyzed. Section 3 investigates the scaling behavior of the unconditional distribution of intertrade durations. We will fit the corresponding distribution by means of Weibull distribution and q-exponential distribution. Section 4 studies the conditional distribution of intertrade durations. Section 5 concludes.
Data sets
The study is based on the data of the limit- In the cooling period, all orders are allowed to add into limit-order book, but no one is executed. Only in the period of continuous auction, transaction occurs based on one by one matching of incoming effective market orders and limit orders waiting on the limit-order book. Therefore, only trades during the continuous double auction are considered. In addition, we stress that no intertrade duration is calculated between two trades overnight or crossing the noon closing. Assuming that there are n trades at times {t i : i = 1, 2, · · · , n} during the time interval from 9:30 am to 11:30 am or from 13:00 pm to 15:00 pm on a trading day, we obtain n − 1 intertrade durations
In 2003, only limit orders are allowed for submission in the Chinese stock market and the tick size of all stocks is one cent of Renminbi (the Chinese currency). Those orders resulting in immediate execution, whose prices are equal to or higher than the best ask price for buys and equal to or lower than the best bid price for sells, can be called as effective market orders. Effective market orders can be classified into two types based on their aggressiveness, namely filled effective market orders and partially filled effective market orders. Partially filled orders are more aggressive than filled orders since the former have much larger price impact [34] . The trades can be classified into two types accordingly, called filled trades and partially filled trades for brevity that are initiated respectively by filled and partially filled effective market orders. We will consider two additional classes of durations, in-volving τ F between two consecutive filled trades and τ PF between two successive partially filled trades. Table 1 provides the number of trades and average intertrade duration for the 23 Chinese stocks under investigation for all trades, filled trades, and partial filled trades. We find that τ F ≪ τ PF and
Although the time resolution of our data is as precise as 0.01 second, there are still trades stamped with the same time. In Table 1 , we also presents the numbers of vanishing intertrade durations for the three types of trades. We see that their proportions are relatively low. More information about the SZSE trading rules and the data sets can be found in Refs. [35, 36, 37] .
Unconditional distributions of intertrade durations

Scaling pattern
For each stock, the three groups of durations τ , τ F and τ PF (in units of second) are calculated for all trades, filled trades and partially filled trades. The associated empirical density functions f (τ ), f (τ F ) and f (τ PF ) for the 23 Chinese stocks are illustrated in the upper panel of Fig. 1 . At a first glance, we observe that different distributions share similar shapes. When the duration is large, the tails are heavy but it is not unambiguous that they exhibit power-law tails. Since the time stamps of the data have a resolution of 0.01 second, the minimal duration is set to be 0.01 in the plots. There are also vanishing durations as shown in Table 1 , which are not shown in this figure. Note that the density functions are monotonically decreasing such that small durations occur more frequent than large ones.
In order to compare the distributions of different stocks, we define a normalized duration by
where σ, σ F and σ PF are the sample standard deviations of τ , τ F and τ PF , respectively. As will be clear, the variances σ 2 , σ 2 F and σ 2 PF of intertrade durations exist for the Chinese stocks. Then the PDFs of these normalized durations can be obtained as follows,
In the lower panel of Fig. 1 , we plot respectively σf (τ ), σ F f (τ F ) and σ PF f (τ PF ) as functions of τ /σ, τ F /σ F and τ PF /σ PF for the 23 stocks. In each plot, the 23 curves excellently collapse onto a single curve. We notice that the collapsing for the Chinese stocks is better than those DJIA stocks, especially for large values of the normalized durations [24] . This analysis shows that ρ(g), ρ(g F ) and ρ(g PF ) are scaling functions. 
Fitting the intertrade duration distributions
The nice scaling in the distribution of intertrade durations means that the normalized durations of different stocks follow the same distribution. This allows us to treat all the normalized intertrade durations from different stocks as an ensemble to gain better statistics. In this way, we have three aggregate samples for g, g F and g PF . The three empirical probability density functions of the three types of normalized intertrade durations are illustrated in Fig. 2 as dots.
Following the work of Politi and Scalas [30] , we adopt the Weibull and the qexponential distributions to model the normalized intertrade durations. The Weibull probability density ρ w (g) can be written as
and its complementary (cumulative) distribution function C w (g) is
When β = 1, ρ w (g) recovers the exponential distribution. When 0 < β < 1, ρ w (g) is a stretched exponential or sub-exponential. When β > 1, ρ w (g) is a superexponential. The q-exponential probability density ρ q (g) is defined by 
Usually, we have q > 1. When (1−q)(−µg) ≫ 1, we observe a power-law behavior in the tail C q (g) ∼ g −1/(q−1) with a tail exponent of 1/(q − 1).
In order to capture the main part of the distributions, we adopt the maximum likelihood estimator (MLE) for model calibration. Specifically, the MATLAB function "wblfit" is utilized to estimate the parameters of the Weibull and the estimation method for the q-exponential can be found in Ref. [38] . The resultant fits are illustrated in Fig. 2 . It is evident that both distributions fit the data very well for the normalized durations less than about 4, which accounts for 98.5% of the sample. However, there are remarkable discrepancies in the tails between the empirical data and the two models. Table 2 reports the estimates of parameters. Since both Weibull and q-exponential models have two parameters, we can compare quantitatively their performance simply using the r.m.s. values of fit residuals. According to Table 2 , the Weibull model outperforms the q-exponential model since χ w < χ q .
We have also fitted the distributions for individual stocks (see the three tables in Appendix of the paper at http://arXiv.org/abs/0804.3431). For individual stocks, the Weibull model also outperforms the q-exponential model. The parameters, especially β and q, are consistent across different stocks. The mean and standard deviation for each case are also calculated and listed in Table 2 . We find that, for In order to capture the tail behavior of the distributions, we adopt the nonlinear least square estimator (NLSE) for model calibration. Specifically, the MATLAB function "lsqcurvefit" is utilized to estimate the parameters of the two models. The objective function in the fitting is
, wherê ρ(g) is the empirical data. The resultant fits are also illustrated in Fig. 2 and Table 3 reports the estimates of parameters. It is evident from Fig. 2 that the q-exponential is a better model than the Weibull except g F , which is confirmed by the much smaller values of χ q compared with χ w in Table 3 . The fact that the tail distributions can be better modeled by the q-exponential implies that the intertrade durations have a power-law tail distribution 1 . The estimated tail exponents are 4.00, 4.17 and 3.70 for g, g F and g PF .
Similarly, we have also fitted the distributions for individual stocks using NLSE (see the three tables in Appendix of the paper at http://arXiv.org/abs/0804.3431). For more than a half of the stocks, the q-exponential model also outperforms the Weibull model. The parameters, especially β and q, are consistent across different stocks. The mean and standard deviation for each case are also calculated and listed in Table 3 . We find that, for each type of intertrade durations, the corresponding parameters estimated from the ensemble and individual stocks are close to one another. The tail exponents for g, g F and g PF are estimated to be 3.33, 3.23, and 2.78, which is reminiscent of the inverse cubic law of returns at microscopic timescale [36, 39] .
Conditional distributions of intertrade durations
We now investigate the conditional distribution of normalized intertrade durations on the value of its preceding duration. All the normalized durations for different stocks constitute an ensemble set Q, which is partitioned into five non-overlapping groups:
where Q i ∩ Q j = φ for i = j. In the partitioning procedure, all values in Q are sorted in increasing order and assigned into Q 1 to Q 5 such that their sizes are approximately identical. We estimate the empirical conditional probability density functions p(g|g 0 ) of normalized intertrade durations that immediately follow a normalized intertrade duration g 0 belonging to Q i . The five empirical conditional PDFs are depicted in Fig. 3(a) . Again, all the five PDFs collapse onto a single curve, showing a nice scaling relation in the conditional distributions of intertrade durations. Comparing with Fig. 2 , we see that p(g|g 0 ) ≈ ρ(g).
However, a careful scrutiny of Fig. 3(a) unveils a systematic trend in the five conditional PDFs identifying that, in the tails, the PDF for Q 1 is on the bottom while that for Q 5 lies on the top. It means that there are more large durations for Q i than Q j if i > j. Speaking differently, large durations tend to follow large durations. To further clarify this observation, we plot z i = ln[p(g|Q 5 )/p(g|Q i )] for i = 1 to 4 in Fig. 3(b) . It is clear that the five PDFs deviate from one another systematically for large g. The discrepancy is much weaker for small g. This phenomenon can also be confirmed by the mean conditional duration g|g 0 . If p(g|g 0 ) = ρ(g), we will have
In other words, the mean conditional duration g|g 0 is independent of g 0 . Fig. 3(c) plots the mean conditional duration g|g 0 against g 0 . When g 0 is not too small, we see an upward trend in g|g 0 with respect to g 0 . However, the g|g 0 values are still close to g , indicated by the horizontal line in Fig. 3 (c).
Conclusion
We have investigated the intertrade durations calculated from the limit order book data of 23 liquid Chinese stocks traded on the SZSE in the whole year 2003. The density functions are found to be monotonically decreasing with respect to increasing intertrade duration. After normalized by the stock-dependent standard deviation of intertrade durations, the 23 empirical distributions of durations collapse onto a single curve, indicating a nice scaling pattern. This scaling behavior is also observed in the distributions of waiting times between consecutive filled trades or partially filled trades. Therefore, we can treat the normalized intertrade durations of different stocks as realizations of an ensemble. The scaling pattern implies that there are common features in the trading behavior of market participants, which also has important implications for market microstructure theory.
The three ensemble distributions of normalized intertrade durations for all trades, filled trades and partially filled trades are modeled by the Weibull and the Tsallis q-exponential using maximum likelihood estimator and nonlinear least-squares estimator. We find that more than 98.5% of the intertrade durations can be well mod-eled by the Weibull function using MLE, except for the tails, and the logarithmic density functions can be better fitted by the q-exponential function utilizing NLSE. By and large, the intertrade duration distribution has a Weibull form followed by a power-law tail for large durations. We also studied the conditional distribution of normalized intertrade durations that immediately follow a normalized intertrade duration. A scaling pattern is also observed in these conditional distributions decorated with a weak but systematic trend. Accordingly, the mean conditional intertrade duration is weakly dependent on the preceding intertrade duration. 
A Fitted parameters for the three classes of intertrade durations
